A moving boundary problem with two free boundaries modeling a two-dimensional idealized MEMS device with pull-in instability is discussed. We use a fixed point argument to show that the model possesses stationary solutions for small source voltages. We also give a rigorous evidence that solutions of the model converge towards solutions of the associated small aspect ratio equation in the vanishing aspect ratio limit.
Introduction and main results
Micro-Electro Mechanical Systems (MEMS) are a technology that relies on miniaturized mechanical elements and electro-mechanical devices obtained from microfabrication. Depending on their type of use, MEMS have various applications, e.g., as microsensors or microactuators. Over the past several decades researchers and developers have demonstrated miscellaneous types of MEMS for almost every possible sensing and actuating modality as temperature, pressure, inertial forces, chemical species, magnetic fields or radiation. In particular, accelerometers have become key components of commercial systems as smart phones, navigation systems, air bags and of health-enabling technologies. Due to the wide range of applications and their practical importance, the technology of MEMS has eventually created an interdisciplinary area of research coined by joint work of engineers, physicists and mathematicians.
A simple idealized mathematical model for a modern MEMS device consists of a rigid ground plate and a thin, deformable and elastic membrane that is suspended above the rigid plate and is held fixed along its boundary. A voltage difference between the ground plate and the free membrane induces an electric field in the space between the two components of the device and causes a Coulomb force on the membrane and hence a mechanical deformation. We refer the reader to [25, 27, 30] for a detailed presentation of the modeling assumptions leading to the governing equations for this type of model.
In the present paper, we intend to discuss an enhanced model for electrostatic MEMS consisting also of two components, but both of them are free elastic membranes. Pick u, v ∈ W 2 ∞ (−1, 1), 0 ≥ u > v ≥ −1, let Ω u,v = {(x, z) ∈ (−1, 1) × R; v(x) < z < u(x)} and denote the two horizontal boundary components of Ω u,v by Γ u = {z = u(x)} and Γ v = {z = v(x)}. The case when no source voltage is applied is modeled by Γ 0 and Γ −1 . For non-zero source voltage, the one-dimensional displacement of the membranes from Γ 0 and Γ −1 respectively is modeled by the functions u and v; see v(x) + 1
The function ϕ models the electrostatic potential in the region Ω u,v and (1) is the Laplace equation. The parameter ε > 0 is the aspect ratio of the device comparing gap size to device length. The boundary condition (2) stems from the assumption that the potential is equal to one on the upper membrane, vanishes on the lower membrane and is linear on the boundary components Ω u,v ∩ {x = ±1}. The parameters λ, µ > 0 in Eq. (3) and Eq. (4) are inversely proportional to the surface tension coefficients of the membranes. Precisely, the left-hand sides of (3) and (4) correspond to the curvature of Γ u and Γ v respectively, and the right-hand side is the energy density of the electric field inside Ω u,v . The minus sign in (4) is a consequence of the fact that the membranes should attract each other. Note that λ and µ depend quadratically on the source voltage of the device. Finally, we need the conditions (5) and (6) as both membranes should be held fixed on the boundary of Ω u,v . Observe that (1)-(6) is a free boundary problem since the domain Ω u,v and its boundary components Γ u and Γ v are a priori unknown and depend on the solution (u, v, ϕ).
A major factor limiting the effectiveness of the idealized MEMS device is the socalled pull-in instability: If the source voltage increases beyond a certain threshold value, the membranes Γ u and Γ v will come closer and closer and finally touch. In this case, there is no steady state of the MEMS but structure collapse and failure instead as the mechanical forces can no longer balance the electrostatic forces. To guarantee the functionality of a MEMS device it is of particular importance to know precisely the value of the pull-in voltage. In this context, small aspect ratio models have been studied with regularity in recent years; we refer the reader to [7, 25, 27] for an overview and to [1, 4, 8, 10, 11, 14, 15, 30] for further details. The recent references [2, 3, 23, 31] relate generally to consequences of the small aspect ratio limit. Formally sending ε → 0 in (1)-(6) yields the solution
Eq. (8) and Eq. (9) will be referred to as the small aspect ratio equations of the model (1)- (6) . The pull-in instability corresponds to the singularity of the righthand sides of (8) and (9) 
The small aspect ratio model of the MEMS model with only one free boundary on (−1/2, 1/2) reads (10) w ′′ (x) = Λ (w + 1) 2 , w(±1/2) = 0, and has been widely studied in recent years. In [1, 26] it is explained that Eq. (10) is analytically solvable and that its solutions w(x; Λ) satisfy the implicit formula
where E as a function of Λ is obtained from
It is shown numerically and by bifurcation arguments that there exists a threshold Λ * such that, for 0 < Λ < Λ * , Eq. (10) has two solutions and for Λ > Λ * , there exists no solution. One of the solutions in the case 0 < Λ < Λ * is stable under perturbations while the other one is instable. Since Λ is quadratically proportional to the source voltage, the threshold Λ * corresponds to the pull-in voltage of the device. Moreover, an asymptotic expansion for w is computed. The more general narrow-gap model
has been subject of [8, 16, 18] in the hyperbolic case α > 0 and of [9, 11, 14, 15, 17, 30] in the parabolic case α = 0.
For v ≡ −1 and µ = 0, we recover the MEMS model with a fixed ground plate from (1)-(6) and the problem (1)- (6) reduces to the model presented in [20] where the authors prove the existence of a solution (u, ϕ) in suitable Sobolev and Hölder spaces for small values of the parameter λ, i.e., for small voltage values. In addition, a justification of the small aspect ratio model (10) is given by showing that steady state solutions of the free boundary problem converge towards stationary solutions of the small aspect ratio equation when the aspect ratio ε of the device tends to zero.
The plan of the paper at hand is first to obtain an existence result for the problem (1)- (6) with two free boundaries. We prove that for sufficiently small values of λ, µ, there exists a solution (u, v, ϕ) to (1)-(6) in appropriate function spaces.
the functions u, v and x → ϕ(x, z), for fixed z, are even and u and −v are convex and satisfy
Our second result shows that for any family {(u ε , v ε , ϕ ε )} ε∈(0,1) of solutions, obtained under the assumptions of Theorem 1, there is a null sequence
to a solution of the small aspect ratio model (7)- (9) associated with (1)-(6) holds. Let 1 A denote the characteristic function of the set A ⊂ R 2 .
Theorem 2. Let {(u ε , v ε , ϕ ε )} ε∈(0,1) be a family of solutions to (1)-(6) as specified in Theorem 1. Then there exists a null sequence {ε k } k∈N and solutions u 0 , v 0 to the small aspect ratio equations (8) and (9) such that
and
u0−v0 is the potential in Eq. (7).
Solvability beyond the pull-in instability
We first transform the problem (1)- (6) on the a priori unknown domain Ω u,v to a corresponding problem on the fixed reference domain Ω := (−1, 1) × (0, 1); see Fig. 2 . Therefore, we introduce a transformation of coordinates
.
One easily checks that, for any u, v ∈ W 
u,v denote the transformed first and second order derivative operators on Ω. We omit the tedious calculations leading to the explicit formulas
The following lemma and Lemma 4 of [20] provide some important properties of the sets C 1 and C 2 . 
Proof. It follows immediately from the definitions that C 1 , C 2 are convex and closed in W 
on (−1, 1), and C 1 is bounded in W 2 q (−1, 1) for any 1 ≤ q ≤ ∞. Pick v ∈ C 2 and x, y ∈ (−1, 1). We integrate
with respect to y on (−1, 1) and use that v(−1) = v(+1) to obtain that
Since v is concave and v(±1) = −1, we also have v ≥ −1. Assume that v attains a maximum at x m ∈ [0, 1). Then ∂ x v(x m ) = 0 and
Using once again the boundary condition v(1) = −1, we observe that
3 ), and we infer that
In particular, C 2 is bounded in W
The next step will be to solve the subproblem (13), (14) for (u, v) ∈ C 1 × C 2 given.
there is a unique solutionφ =φ u,v;ε to the problem (13), (14) . Moreover,φ is even with respect to x ′ ,
is continuous when C 1 × C 2 is equipped with the product topology of W Proof. We show that − ∆ u,v;ε is elliptic for (u, v) ∈ C 1 × C 2 by showing that its principal part
is positive definite. Let
denote the trace and the determinant of A. Using the estimates (19)- (21) it is easy to derive that
where C 1 , C 2 > 0 only depend on r 0 . Since the eigenvalues e ± of A are given by
we conclude that
Hence − ∆ u,v;ε is strictly elliptic and the ellipticity constant depends only on r 0 and ε and not on (u, (13), (14) is equivalent to
where
we see that the coefficients of ∆ u,v;ε are uniformly bounded with respect to (u, v) ∈ C 1 × C 2 . Applying Theorem 9.1 and Theorem 10.1 in [19] , we conclude that there exists a unique solution ψ = ψ u,v;ε ∈W 2 2 (Ω) to (24) , (25) such that (28) ψ W 2 2 (Ω) ≤ C 4 ψ L2(Ω) + 1 with a constant C 4 depending on r 0 and ε, but not on (u, v) ∈ C 1 ×C 2 . The functioñ (13) and (14) . Let 1 be the constant function with value 1 on Ω. Then ∆ u,v;ε 1 = ∆ u,v;εφ = 0 in Ω andφ ≤ 1 on ∂Ω. By the maximum principleφ ≤ 1 in Ω and henceφ( (12) , ∆ u,v;ε w = 0 in Ω and w ≤φ on ∂Ω. A further application of the maximum principle achieves w ≤φ in Ω and this completes the proof of (22) . Combining (22) and (28) we immediately obtain φ W 2 2 (Ω) ≤ C 5 , for some positive constant C 5 only depending on r 0 and ε, and hence (23) . To see that ϕ is even, we observe that, sinceũ andṽ are even, the operator ∆ u,v;ε is invariant under the transformation (
is another solution of (13), (14) and, by uniqueness,φ(x ′ , z ′ ) =φ(−x ′ , z ′ ), as was to be shown. That (u, v) →φ u,v;ε is continuous follows from analogous arguments as in the proof of Lemma 6 in [20] .
In the following lemma we obtain control of the gradient ofφ on the horizontal boundary components.
Lemma 5.
There is a constant c 2 > 0 depending only on r 0 ∈ (0, 2 3 ) and ε ∈ (0, 1) such that the solutionφ u,v;ε to (13), (14) ,
and there is a constant c 3 > 0 such that
Proof. Applying Theorem II-5.5 in [24] and (23), there is a positive constant k 1 only depending on Ω such that
1+α , α > 0. Thenφ u,v;ε ≥ w α on ∂Ω, and using (19) , (20), (21), |ũ ′′ |, |ṽ ′′ | ≤ r 0 and z ′ ∈ (0, 1), we infer that there is a constant k 2 > 0 such that for interior points we have
As r 0 < 2 3 we conclude that − ∆ u,v;ε w k2ε 2 ≤ 0 in Ω so that, by the weak maximum principle,
i.e.,φ u,v;ε ≥ w k2ε 2 in Ω. For z ′ = 1 we observe
and − ∆w k2ε 2 ≤ 0. Again, by the weak maximum principle,
i.e.,φ u,v;ε ≤ 1 −w k2ε 2 in Ω. Hence
and L'Hospital's rule implies that (∂ z ′φ u,v;ε )(x ′ , 0) ≤ 1 + k 2 ε 2 . This completes the proof of the lemma.
Equations (15) and (16) with the boundary conditions (17) and (18) read
Our goal is to show that the map S = (S 1 , S 2 ) has a fixed point in C 1 × C 2 by means of Schauder's theorem. . Proof. Recall that C 1 , C 2 are convex, closed and bounded subsets of W (−1, 1), i = 1, 2, is continuous for each σ ∈ [0, 1/2) and there is a positive constant c 4 depending on r 0 , ε and σ such that
The problem (13)-(18) admits for each
Clearly, S(u, v) is even, sinceũ,ṽ and x ′ →φ are even, and S 1 (u, v) and −S 2 (u, v) are convex in view of (29) and (30) . Observe that, for all (u, v) ∈ C 1 × C 2 , 1 ) is compact and hence S : C 1 ×C 2 → C 1 ×C 2 is continuous and compact and has a fixed point (ũ,ṽ) ∈ C 1 × C 2 in view of Schauder's theorem. It follows from our definitions thatũ andṽ enjoy the properties states in the proposition.
We finally improve the regularity of (ũ,ṽ,φ) and pull the solution back to Ω u,v . The following corollary completes the proof of Theorem 1. 
Proof. As Ω u,v is a Lipschitz domain (cf. [12, Ch. 6.2] ) and satisfies the exterior cone condition (cf. [12, p. 193 ]) on any point of ∂Ω u,v , and as T u,v ∈ C(Ω u,v , Ω), we can apply the arguments in the proof of Corollary 10 of [20] to infer that
is an even solution with respect to x to (1)- (6) . Similarly, as the boundary ∂Ω u,v is a curvilinear polygon of class , for all v ∈ V , where ω v denotes the measure of the angle at v ∈ V , cf. [20] . This is clearly satisfied as
It follows immediately that u, v ∈ C 2+α ([−1, 1]) and, as Ω u,v satisfies an exterior sphere condition (cf. [12, p. 27 
The small aspect ratio limit
Fix r 0 and α, λ and µ as in Theorem 1 and consider a family {(u ε , v ε , ϕ ε )} ε∈(0,1) of solutions to (1)- (6) . Recall thatφ ε = ϕ ε • T −1 uε,vε , with T u,v as in (11) , and define
Let us first obtain some uniform estimates on ψ ε . Lemma 7. Fix 0 < ε 0 < 1. There exists a positive constant K depending only on κ 0 and ε 0 such that, for all ε ∈ (0, ε 0 ],
Proof. By (22), we have −2 ≤ ψ ε ≤ 1 and hence (31) follows. Let f ε = f uε,vε;ε as in (26) . Then
In view of (24), (25) and (27), integration by parts yields
and, as |ψ ε | ≤ 2 and |Ω| = 2,
Again using integration by parts and (25), I 5 can be rewritten in the form
and hence there is a constant
and hence
As 0 < ε ≤ ε 0 < 1 we infer that
Thus there is C 4 = C 4 (κ 0 , ε 0 ) > 0 such that ∂ z ′ ψ ε L2(Ω) ≤ C 4 ε and this proves (33). Estimate (32) follows from (25) , (33), the Cauchy-Schwarz inequality and Fubini's Theorem as
Now we compute
We do not yet have a deeper insight into the behavior of the MEMS model with two independent parameters λ, µ for large values of λ or µ. For instance, one can ask for the occurrence of the pull-in instability in case of, e.g., λ small and µ large. A first goal for further work is to vary (λ, µ) through the parameter space (0, ∞) 2 and to check whether (and where) the solution constructed here ceases to exist and which consequences this has for the problem.
For the idealized MEMS model with a fixed ground plate, the authors of [5, 6] have recently shown that the parabolic free boundary problem with the condition
2 |∂ x ϕ| 2 + |∂ z ϕ| 2 , t > 0, x ∈ (−1, 1), on the free boundary possesses some interesting mathematical and physical properties: First, the associated MEMS model is shown to be locally well-posed in W 2 p (−1, 1), 2 < p < ∞. Next, the authors address global existence issues and present a result on asymptotic stability of the stationary solutions. Finally, the small aspect ratio limit is discussed in a similar manner as in [20] . From the technical point of view, the approach of [5] benefits from a fixed point argument, regularizing effects of the heat semigroup, Lyapunov theory and the Principle of Linearized Stability. The parabolic MEMS model with one free boundary and an additional curvature term is the subject of [6] .
It is an open problem to study the parabolic free boundary problem with two free boundaries. Then the functions u and v depend on a temporal variable t ≥ 0 and the spatial variable x ∈ [−1, 1] and the elliptic operator −∂ 2 x on the left-hand side of (3), (4) and (8), (9) has to be replaced by the parabolic operator ∂ t − ∂ x u on the left-hand side of (3) and similarly in (4) respectively, as explained in [22] . The parameters α, β > 0 model the mechanical effects damping and bending.
In [28, 29] , a disk shaped idealized MEMS device model is presented. In this model, the rigid ground plate and the elastic membrane have drum shaped geometry. Assuming cylindrical symmetry, the displacement of the free membrane only depends on the radial component. It is not far to seek that the drum shaped model can be generalized by allowing for two moving boundaries as explained in this paper. A further reference concerning radially symmetric solutions of a MEMS model with bending and stretching is [21] where the authors discuss fourth-order elliptic equations.
